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Abstract 

We compute loop corrections in p-adic open string field theory. We argue that quantum 
effects induce a pole with m 2 ~ — In g for the open string field at the locally stable vacuum. 
We also compute the one loop effective potential and show that the potential develops an 
imaginary piece when the field becomes tachyonic. 
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The p-adic string turns out to be a useful model for testing Sen's conjectures |I] on 
tachyon condensation in open string field theory [0, |3], |J. The classical solutions of p-adic 
string field theory can be explicitly found. They have constant descent relations |f2], [3| 
and a fluctuation spectrum that matches p-adic string amplitudes on D-brane backgrounds 
H [J] . The tachyon potential in p-adic string field theory also contains a classically stable 
vacuum where the mass of the tachyon field is pushed up to infinity [@,||, further justifying 
the Sen conjectures. 

Of course, the Sen conjectures have been intensely studied in conventional bosonic 
string field theory [||] and in the superstring analog [0] , where the results have been nothing 
short of impressive. More recently, it now looks possible to find an exact verification 
of the Sen conjectures by expanding the string fields about the closed string vacuum 



However, the similarity between p-adic string theory and ordinary string field theory 
goes beyond the verification of the Sen conjectures. For example, p-adic string field theory 
in the p — > 1 limit |E| reduces to the two derivative truncation of the tachyon effective 
action |T3J in boundary string field theory [TJ, [TJ|, [T5|, [19, suggesting that results for p-adic 
strings are applicable to boundary string field theory. Perhaps an even more compelling 
reason for studying p-adic string theory is the surprising similarity between the p-adic 
D-branes and those recently found in vacuum cubic string field theory, where the string 



action is expanded about the closed string vacuum [§, |9], |10| PH . In both cases the D- 
branes have gaussian profiles. Furthermore, the p-adic string does not suffer from strong 
coupling problems at the local minimum, a featured shared with cubic string field theory. 

Therefore, the success of the p-adic models in qualitatively verifying the Sen conjec- 
tures and the further similarity to ordinary string theory suggests that they might be 
useful for exploring other qualitative features of string field theory. In this paper we will 
consider quantum corrections in p-adic string field theory. The calculations are signifi- 
cantly easier than in a conventional scalar field theory due to the nature of the kinetic 
term. Loop calculations turn out to be gaussian integrals. 

The loop calculations lead to some interesting results. In particular, we will compute 
the self energy correction about the stable vacuum, where we find that the classical infinite 
mass pole is pulled down to a finite value. We also show that the analytic continuation 
of the one loop effective action develops an imaginary part if the tachyon field is large 
enough. This occurs before the open string vacuum is reached. The presence of the 
imaginary piece should not come as a great surprise. This just reflects the instability 
of the open string vacuum — the one-loop partition function for a tachyon scalar field 
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formally has an IR divergence which can be continued to a finite, but imaginary piece. 

One might speculate whether or not these results carry over qualitatively to convential 
string field theory. If so then the conclusion would be that ordinary bosonic string theory 
has massive states in the closed string vacuum which are the remnants of open strings 
from the classical D-brane solutions. Perhaps one lesson that is applicable to vacuum 
cubic string field theory is that the quantum corrections about the closed string vacuum 
are surprisingly easy to compute. The relative simplicity of the BRST operator and the 
classical solutions about the closed string vacuum suggest that quantum corrections will 
be simpler than what one usually finds for string loop corrections. 

The tachyon effective action for the p-adic string was derived in pfl and is given by 



P 2 f AD 



g 2 p 



d u x 



2 p+l 



The action was derived assuming that p is prime, but once this action is in place, there 
does not appear to be any compelling reason to keep p a prime number. In fact, it was 



shown in [12] that the limit p — > 1 yields the two derivative truncation for the effective 
action in boundary string field theory. 

The tree-level open string vacuum is at = 1, while the locally stable solution is at 
= 0. The pole position as a function of the background field is 

?2 = 2 + 2(p-l) ln ^ 
inp 

Thus the solution at = 1 has a tachyon pole, while the solution at = has its pole 
pushed to infinite m 2 . Hence, in this vacuum the open string states disappear from the 
spectrum. 

However, eq. (|2|) would seem to indicate that once quantum fluctuations are included, 
a pole with a finite m 2 is possible. Since the mass is infinite only when = 0, fluctuations 
about the = solution could allow a state to propagate. We will explicitly verify this. 

We will compute the quantum corrections by expanding about the = solution. As 
previously stated there is no strong coupling problem at this vacuum, so the results are 
trustworthy, at least at weak string coupling. For the first part of this analysis we will 
assume that p is an odd integer If p is odd, then the potential is an even function of 
and the closed string vacuum remains at = after quantum corrections are included. 
Later, when we compute the one-loop effective action, we will assume that p is arbitrary. 
If p is not an odd integer, then the effective action will have a one-point function, shifting 
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the value of </> at the minimum. In this case we will see that there is still a pole at finite 
mass squared. 

The Feynman rules are easily derived from (JI|). The propagator with Euclidean mo- 
mentum k is p~5 fe2 , while the p + 1 point vertex is given by 

p-i 

P'*"- 1 (^) ' ■ (3) 

The first graph we consider is the two point diagram in Figure 1, whose existence requires 
that p be an odd integer. This is the lowest order correction to the two-point function 
and has loops. The calculation of this graph is straightforward and is given by 

v t p-ifP-A^ 2 ^ TT I dDk < -'-k* r,\ 

- E =^' {—) (i^n/^pp- (4) 



p-i 



where A=ry. is a symmetry factor. Hence we find that 



2 ) ! 



p\ ( 2g 2 (p-l] 



2-1 
2 



2=1)! \p 2 (27ilnp) 



(5) 



Figure 1: Lowest order correction to the two point function, with ^y- loops. 
Including this term in the effective action, we see that there is a pole when 

p^ q2 + £ = 0. (6) 
4 



Hence, we find a pole at 

f= ^jwpzin + *j*). (7) 

hip Vp 2 (27rlnp)f J hip \(^)!/ 

In the weak coupling limit when g << 1, q 2 ~ In g, so the pole is for a propagating field 
with a large, but finite mass squared. 

We can check the robustness of this result by computing the next contribution to the 
two point function. The relevant diagram is shown in figure 2. This diagram has p — 1 




Figure 2: Next order correction to the two point function, with p — 1 loops. 

loops, and depends on the external momentum q. Using the Feynman rules and including 
symmetry factors, we find that the contribution is 

- E (g) = wye-D (ijiy 1 1 / n ^,-K(ihW, + e *o (8> 

Explicitly doing one of the integrals to get rid of the 5-function and then completing the 
squares in the gaussian integrals, we find that reduces to 

\p z {2ir mp) 2 / 
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Substituting the solution to q in (|7|), we see that £ is of the order 

Zrv-gWP-t). (10) 

Hence, the contribution from S(g) is suppressed by an extra factor of order 

compared to S. Thus the solution for the pole in (^) is valid at weak coupling as long as 

We now turn to the one loop effective action. The relevant diagrams are shown in 
figure 3. Clearly, there are one loop contributions of the form <p n ^ p ~ l \ Expanding the 




Figure 3: Contributions to the one loop effective action, 
potential to second order in the fluctuations (p, we have 

V{<f>) = ^t^ +1 + P + >- x 2 + (11) 
p+ 1 2 

Therefore, taking into account the symmetry factors, the one loop correction to the effec- 
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tive potential is 



N=l 

1 ^ 1 . -Ix* 



2(27rlnp)- ^ A^ 1+ t 



2(27rlnp)f " "° V 2 

The series in (|T2"| ) formally diverges if p(p p ~ x > 1. However, the result can be analyt- 
ically continued, yielding a finite potential, but one with an imaginary component. The 
real part is combined with the tree level potential, showing that for weak coupling, cj) has 
a small shift at the open string vacuum. Since the open string vacuum is still close to 
4> = 1, we see that the potential here has an imaginary part. This of course arises from 
the tachyon mode in the open string vacuum. In particular, note that the imaginary piece 
develops when the value of q 2 in (|2|) changes sign. In string theory, the contribution of 
the tachyon to the one loop partition function, after analytic continuation, is finite but 
has an imaginary part. 

Let us now consider the case where p = 2. We might expect this case to most closely 
mirror cubic string field theory, since the tree level action in both cases is cubic. The 
action is no longer invariant under <p — > —<p, so the quantum corrections will induce a 
one-point function and hence a shift in the local minimum. We can easily compute this 
shift using flT2|). Adding (|T^) to ([!]), we see that the new vacuum (fi approximately 
satisfies 

g 2 . (13) 



PolyLogM+^p^ 1 ), (12) 



A(2tt In 2) 

However, the contribution to S(g) in @ is also a one-loop contribution when p = 2, 
and because of the q 2 dependence in £(<?), the S(g) term will dominate in the computation 
for the pole. To see this explicitly, note that the new equation for the pole is 

2^ 2 - O 2~\f = 0. (14) 

2(47rln2)f 

There is no corresponding term S as in (]?]) because p — 1 is odd. Clearly, the last term 
on the lhs of (|14]) will dominate over the 4>q term and the pole is approximately at 

q2 = 3In2 ( ln ^ ~ M 2 " f ^ ln 2) ) (15) 



7 



Thus, we find the same sort of In g dependence for the pole position. 

We should check that terms that contribute to next order are suppressed when eval- 
uated at the pole. For p — 2, one such term has the form in figure 4. Including the 




Figure 4: Two loop contribution to the p = 2 two-point function. 

symmetry factors, we find that the contribution of this graph is 

- fXa) = a 4 f dDkl dDh2 o-i( fc i+fe|+(fei-fc 2 ) 2 +(fei-g) 2 +(fc 2 -g) 2 ) 
W J J (2n) D (2n) D 

2^ q \ (16) 



(Any/2) 



D 



Hence, this term is suppressed for the value of q 2 in ([15]). 

Of course we would like to carry out the analagous computations in cubic string field 
theory.^ Here we will just speculate on the results we might find. 

First, we should expect to find finite results, just as in the p-adic case. Ordinarily 
there are two types of divergences in one-loop string partition functions. The first is due 
to the open string tachyon, which we have previously argued can be analytically continued 
to a finite contribution. In the closed string vacuum there should not be any imaginary 
contribution since the tachyon is absent. The second type of divergence comes from 
the closed string zero momentum poles. Part of this divergence comes from the closed 
string tachyon, which can be analytically continued to a finite contribution. The other 
divergences are due to the graviton and dilaton, which are removed through the Fischler- 
Susskind mechanism. In any case, all of the closed string divergences are proportional to 
the coupling of the closed string fields to the D-brane which are in turn proportional to 
2 There has been recent work on loop corrections for boundary string field theory jl?], Q |f9|, |2lf . 
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the tension of the brane. In the closed string vacuum, the branes are absent, so there is 
nothing for the closed string tachyon, graviton and dilaton to couple to. Hence the closed 
string divergences should not be present in the closed string vacuum. 

Second, since quantum corrections encode fluctuations about the closed string vacuum, 
it would seem that the mechanism is in place to produce poles from the open string fields 
in the closed string vacuum, perhaps with the same sort of In g behavior. In the tree 
level closed string vacuum, all states with finite poles are BRST trivial. If there are to be 
nontrivial states, then quantum corrections must modify the form of the BRST operator. 

There have been many recent works about how closed strings can appear in open 



string theories j22|, |23], |25], |26|, |27|, |28|, P9|j . One might guess that the pole described here 
represents a closed string state. In ordinary string theory, the closed string spectrum is 
independent of g at weak coupling, so a pole with In g dependence seems strange. On the 
other hand, in p-adic string theory one does not have the usual closed string states; for 
instance there are no infinities in the one-loop diagrams corresponding to massless closed 
string or off-shell tachyon exchange. So perhaps the state with In g behavior is the unique 
p-adic closed string state. 

In cubic string field theory, it is likely that if one pole appears then infinitely many will 
appear. Hence, it seems possible to construct an infinite tower of finite mass poles. How- 
ever, it still seems as if the tower would have the masses pushed to infinity as g approaches 
zero, making the identification of these poles with closed string states problematic. Hope- 
fully calculations can be carried out soon to shed some light on this problem. 
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